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Abstract 

f \ |. We study a generalized resolvent for the generator of a Markovian semigroup. The 

Markovian generator appears in a linear Boltzmann equation modeling a one-dimensional 

test particle in a periodic potential and colliding elastically with particles from an ideal 

background gas. We obtain bounds for the state- modulated resolvent which are relevant 

in the regime where the mass ratio between the test particle and a particle from the gas 

is large. These bounds relate to the typical amount of time that the particle spends in 

^ . different regions of phase space before arriving to a region around the origin. 

G\ 
OO 

^ : 1 Introduction 
o 

1.1 Model and result 

Denote S = T x R, where T is the one-dimensional torus identified with the unit interval [0, 1). 
Let -B(S) be the Banach space of all bounded measurable functions on E with the supremum 
^ . norm || ■ ||oo- Let C\ be the backward Kolmogorov generator which acts on a dense domain 
DC such that for ^ G £>, 



{Cx^){x, p) = p—^>{x,p) - —{x)—m{x,p) + j dp'J^{p,p'){m{x,p') - (1.1) 

where the function V : T ^ is continuously differentiate , and the kernel J^x{p,p') takes 
the form 

Mp,p') = (l + X)\p-p'\e-'A'^^~'^^'y. (1.2) 

The operator C\ generates a transition semigroup ^t,x '■ -B(S) — B(T,). The Markovian 
dynamics associated with the semigroup ^t,\ models a test particle of mass in dimension 
one which feels an external, spatially periodic force ^{x) and receives elastic collisions from a 
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gas reservoir of particles having mass one. The spatial degree of freedom for the test particle 
has been contracted to the torus. The kernel (11. 2p matches equation (8.118) from [llj when 
the test particle has mass A~^, a single particle from the gas has mass one, the temperature of 
the gas is one, and the spatial density for the gas is 2(27r)2. 

Consider the generalized resolvent f/^^'* which operates on elements in B{Ti) and is given 
formally by 

f/f ) = (M, - (1.3) 



where : -B(S) — )■ -B(S) acts as multiplication by a bounded measurable function /i : S — t- R+. 
When h is a constant function, then [/^^^ is a standard resolvent. We will refer to f/^^"* as the h- 
modulated resolvent or, as in [8], the state-modulated resolvent for non-specific h. The operators 
U^'^ were introduced in [9l Sec. 7]. For s G S and / G -B(S), we will use the kernel notation 
u\:^\s, /) to denote the value [U^^^ f){s)- We take the following expression for our definition 



of^. 



(A). 



G S 



where 5*4 G S is the Markov process associated with the backwards generator C\. The operator 
[/f ^ satisfies (O) on an appropriate class of functions / G -B(S). For a measurable set A C S, 
the value u'^\s, 1a) corresponds to the expected amount of time, when starting from s, that the 
test particle will spend in A C S before the expiration of an exponential random time whose 
rate depends on the trajectory of the particle through the function h. This interpretation 
becomes clearer by seeing other representations of u'^\ The following theorem is used in [1] 
and is the main result of this article. 

Theorem 1.1. Let h : H ^ be a bounded measurable function with h ^ 0. There is a 
c > such that for all bounded measurable functions / : S — )• M+, A < 1, and s G S 

ui'\s,f)<c(snpA^'\s,s')fis')+ ! ds' B^'\s, s')f{s')) , 

where A^^\s, s') and B^'^^s, s') are defined as 

A^^\x,p, x',p') = 1 +min(|p|, A"^)x(b'| > A"^), 
5W(x,p, x',p') = (1 + min(|p|, \p'\))x{\p\ < A"'). 



1.2 Discussion 

The operator f/^^'* arises in the literature on Harris recurrence for Markov processes [HI [HI IS] , 
on limit theorems for null- recurrent Markov processes [I2l HI [7], and on Nummelin splitting for 
Markov processes [6]. We discuss some alternative representations for U^^^ f in Section El 

The dynamics described by (II. ip includes a deterministic part driven by the Hamiltonian 
H = + V{x) and a noisy part determined by the jump kernel J7a. The potential V{x) does 
not play a role in the statement of Theorem 11.11 This is because the inequality in Theorem 1 1.1 1 is 
mainly concerned with bounding U^\x^p) when \p\ ^ 1, and the influence of the force ^(Xj) 
is averaged-out when |-Pt| ^ l + ^/sup^, V{x) as the particle revolves with high frequency around 
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the torus. In whichever direction the test particle is travehng, colhsions with the gas will, in 
an average sense, diminish the particle's movement in that direction. For A <^ 1, this frictional 
effect takes on different characteristics depending on the scale of the momentum. The following 
list characterizes the influence of collisions at different momentum scales relative to A~^. 

List 1.2. 

1. Contractive regime: When \p\ ^ A^"*^, the momentum undergoes a super- exponential 
contraction in which the collisions occur with exponential rate ~ A|p|, and the result of a 
collision contracts a momentum p to a value in the vicinity of j^P- 

2. Drift regime: When \p\ is on the order , then the collisions occur on the order of one 
per unit time and the resulting momentum due to a collision has a bias in the direction of 
momentum zero. The bias has the same order as the standard deviation of the momentum 
jump. 

3. Random walk regime: When \p\ ^ A~^, then the collisions generate a nearly unbiased 
random walk in momentum with Levy density 

j{q) = \q\e-^'^\ (1.4) 

Over time periods of length ^ 1, then the drift towards momentum zero is visible. 

Besides the multi-scale behavior for the jump rates fll.2p emerging for A ^ 1, the main 
source of technical difficulty for proving Theorem 11.11 is the perturbation of the dynamics due 
to the presence of the potential V{x). Since the potential is bounded, the particle revolves 
quickly around the torus at high energies. This gives rise to an effective homogenized behavior 
at high-energy which is quasi 1-dimensional. This homogenized dynamics can be formulated 
as a Markov process which has states that can be identified the with connected components of 
the level curves for the Hamiltonian H = ^p^ + V{x). We refer to the homogenized process as 
the Freidlin- Wentzell process, since it is similar to processes which arise in Freidlin-Wentzell 
limits [3], although it is not of a diffusive form. The Freidlin-Wentzell process is more tractable, 
since there is no drift between collisions and the torus degree of freedom is replaced by a finite 
labeling. Our strategy for handling the potential is to prove an analog of Theorem 11.11 for the 
corresponding Freidlin-Wentzell process (see Lemma FS.Sp . and then to show in Lemma HIT] that 
the state-modulated resolvent for the original process satisfies the same integral equation as 
the state-modulated resolvent for the Freidlin-Wentzell process except for an error that can 
be controlled. Although the behavior of the original dynamics and the homogenized dynamics 
diverges at low energy, the cumulative effect of the divergence for the state-modulated resolvent 
still conforms to the bounds that we consider in Theorem II. 1[ 

The bounds in Theorem 11.11 are not optimal. Our analysis does not take advantage of the 
drift described in (2) of List II. 2[ which should allow for tighter bounds. There are also smaller 
kernels than A^'^^ and i?*-^^ possible over the domain of {x,p, x',p') where p and p' have opposite 
sign^, although we are not interested in this here. Finally, by a slightly different analysis of the 
contractive regime (3) of List II. 2^ the kernel A^'^^ can be replaced by the kernel A^'^^'' defined 
as 

AW''(x,p, x',p')= (^l + min(|p|,A-Mog(l + Ap))x(b1 > A-1))^^^. 
^This can be understood from the Example 11.31 
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This alternative is not strictly stronger than the choice of A^^\ 

The remainder of the article is arranged as follows: In the next Section, we give a few 
examples of inequalities for the state-modulated resolvent for simpler processes. Section [2] 
contains some general remarks on state-modulated resolvents and also contains some technical 
preliminaries specific to our dynamics. Section [3] discusses the Freidlin-Wentzell process, and 
Section H] bridges the analysis of the Freidlin-Wentzell process with the original process. The 
proof of Theorem 11.11 is in Section [5l 



1.3 Examples of inequalities for state-modulated resolvents 

The bound for U^^^ given in Theorem 11.11 is especially complicated due to the different scales 
described in List ll.2[ In particular, the inequality in Theorem II. II involves two kernels A'-^^(s, s') 
and B^'^\s, s') which are used in supremum and integral norms, respectively. The first two ex- 
amples below only involve random walk behavior (i.e. (3) of List II. 2p . and the kernel -B'-^''(s, s') 
is sufficient. Examples 11.41 and 11.51 follow by simpler analysis than contained in Section [3l 

Example 1.3. Let B be a one- dimensional standard Brownian motion and / : M — > M"*" be 
integrable. Define the kernel Utj such that for p G M, 



POO 

[/^(p,/)=Ep / dtfiBt)e- 



where [) > and is the local time at zero o/B. In words, is the h-modulated resolvent of 
f , where h is the 6-function h{p) = t)5o(p)- The function U^f satisfies the differential equation 

fip) = ^Soip)U^,{p,f)-^A,U{pj). 
A closed form of the solution is given by 

dq mm{q,p) f{q) p > 0, 



Jr 



/q^ dqmm{q, -p) f{-q) p < 0. 



Trivially, there exists a c > such that for B{p,p') := 1 + min(|p'|, and all p E M. and 
integrable f : M M+, 

/oo 
dqB{p,p')fip'). 
-oo 

Example 1.4. Let the backward Kolmogorov generator C be defined such that for \I' G -B(M), 

{C^){p) = [ dp'jip'-p){^ip')-^ip)), 

where j : M — t- M+ is integrable, continuous, and its first two moments satisfy J^dpp j{p) = 
and J^dpp"^ j{p) < oo. For measurable /i : M — with h ^ 0, there is a c > such that for 
B{p',p) defined as in example U.3\) and all p and integrable f : M — ^ IR+, 



Uh{pj) <c dp B{p\p)f{p). 
Jm. 
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Example 1.5. Consider the backwards Markov generator C\ which acts on a dense domain of 
as 

JR 

where J\ is defined as in U.S\) . Let /i : M — )■ IR+ he measurable and h ^ 0. There is a c > 
such that for all f G B(R) with f >0, X < 1, and p eR, 

ui'\p,f)<c(snpA^'\p,p')fip')+ [ ds'B^^\p,p')f{p'] 

where A^'^\p^p') and B^'^\p,p') are defined as 

= l + mm(H,A-i)x(b'| > A'^), 
= (1 + min(|p|, \p'\))x{\p'\ < A-^). 



2 Some basic facts for the state-modulated resolvent 

Proposition 12.11 gives alternative representations for U^^^ (s, /) where (2) is from [Qi, Sec. 7], (1) 
is from [8, Sec. 2], and (3) is from the proof of [H Prop. 3.4] (for h = 1). 

Proposition 2.1. Let f,h& B(T?), where h is non-negative and h ^ 0. Pick h > sup^g^ h{s). 

1. Let R he the stopping time with infinitesimal exponential rate at a time t < R given by 
h{St), i.e. for all t e M+ and 5 < 1 

[Re[t,t + 6]\R>t, Sr for r G [0, t]] = h{St)S + o{S). 



The function f can be written as 



R 



2. Let My '■ B{Tj) — 7- B{Ti) be multiplication by h'{s) = h — h{s) and U^^^ be the standard 
resolvent evaluated h G . The operator can be written as 

oo 
n=0 

3. Let Cn be independent, mean-h~^ exponentials which are independent of St. For Tn = 
Y^m=i ^rn, thc function U^^^ f can be written as 



n=l 



h{Sr 



l-^^^^)f{SrJ 



4. If coins with head weight l^^^^al are flipped at every time Tn and n eN is the count of the 
first head, then f can be written as 

h 
n=l 
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The following lemma is specific to our dynamics, and Part (3) implies that it is sufficient for 
us to prove Theorem 11.11 for a function : S — )■ of our choosing as long as it has compact 
support. In later sections of this article, we will always take 

h{s) = x{H{s)<l), (2.1) 

where 1 = 1 + 2sup^. V{x). We pick / primarily to ensure that the particle is not trapped by 
the potential when H{St) > I and is revolving around the torus with speed > 1 over the time 
period up to the next collision. 

For the proof of (1) from Lemma 12.21 below, we use that our dynamics is exponentially 
ergodic, which was proven in [11 Thm. A.ll. Let 7^ i : -B(S) — )■ -B(S) be the operator 

' h 

The kernel 7^ i_{s,ds') is the transition kernel for the resolvent chain Sr„ from (3) of Propo- 
sition 12.11 To prove (2) and (3) of Lemma 12. 2^ we use that there is a c/, h > such that the 
forward transition operator 7^ i satisfies 

r^i{s,ds')>CL,hds' (2.2) 

' h 

for all s, s' G S with H{s), H{s') < L and all A < 1. This was shown in the proof of [1, Prop. 
4.30 

Lemma 2.2. Let h, h', f G -B(S) be non-negative and h, h' ^ 0. 

1. The kernel U^^^ defines a bounded map on -B(S) (i.e. with respect to the supremum norm). 

2. Let h be as in ^2. ij) and pick L > 0. There is a cl > such that for all f and A < 1, 

/ dsUi'\sj) <cj dsf{s)e-'''^'^ 
Jh(s)<l Jt. 



<2cl sup f{s) + CL dsf{s). 



H{s)>iA-2 JH(s) 

3. Suppose that h' has compact support. There are c,L>0 such that for all f and A < 1, 

C/fV<c sup Ui^\s,f) + Ui^^f. 

H{s)<L 

Proof. 

Part (1): Recall that 7^1= \iU'^\ By Part (2) of Proposition EH we can write 



^ OO 

^i'' = T7E^Ai(Mi^r,,.)". (2.3) 



h 

n=0 



^In the proof of [H Thm. A.l], h = 1 and L = 1 + 2svi\)^ ^{x), although this does not matter for the 
argument. 
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Let $A.t : -B(S) — )■ -B(S) be the transition semigroup associated to the backward Kolmogorov 
equation (11. ip . By [U Thm. A.l], $A.t converges exponentially in the operator norm to the 
equilibrium projection = Is ® ^oo a as t — oo. It follows that operators 77\ also converge 

exponentially to Pa for large n. In other terms, there are C, a > such that for all / G Bill), 
llTTi/ - Pa/IIoo = ||77i/ - (v&oo,A(/))ldloo < Ce-""||/|U. 

'h '^'h ' 

Pick an > such that C e~^" < \'^oo,x{h). Using the form (12 .Sp and that Mh^ is a positive 
multiplication operator with norm < 1, we get the first inequality below: 

N. 



n=0 

oo 



n=0 



h^oo,A(/i)^ 



where || ■ || denotes the operator norm. 
The third inequality uses that 



Thus, ^7^^^ is a bounded operator. 

Part (2): Let z/((is) = ^^1/? be the normalization of Lebesgue measure fj. over the set R = 

{s e S I H{s) < 1} and h" : ^ M+ be the function h" = q By (Q, the transition 

kernel for 71, i satisfies 

rAi(s,ds') > /i"(s)z/(ds') (2.5) 

' h 

for all s, s' e S with H{s), H{s') < I. Since /i < 1 and by (l23|) . 



With ([23D and the fact that y 1 - | > 2-3, 

oo oo -. 

t/f ) < 2M^f/f = 2 J] (M^rA,|M^)" < 2 J] (Ta,. - ® u^. 

n=0 n=0 

Thus, we have the inequality below 

The first equality is an identity from flU\ Thm. 3]. However, 



Ui'^f >\-r,.u\^^ > ^ / dsU\^\s, /), (2.6) 

JH<L 
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where the second inequahty is by (12. 2p . The first inequahty in (12. 6p follows by the relations 

where the equality is equivalent to Part (2) of Proposition 12.11 and the inequality is 1 — | > |. 

Combining (12. 6p with the inequality above it gives that U^^^ f is bounded by a multiple of 
/^rfse-^^(^)/(s) . 
Finally, 

f dse^^""^'^ f{s) < f sup f{s)) [ cise-^^(^)+ / ds f{s), 



<2 sup f{s)+ / dsf{s) 

where we have split the integration into the domains H' > |A^^ and H' < |A^^ and the second 
inequality is for A small enough. 

Part (3): Since ul^^ f < f when hi < we can assume without loss of generality that h 
also has compact support. For the same reason, we can take h' to be of the form h' = hl^ for 
some h > and where A = {s | H(s) < L} for some L > 0. 
Define the kernels {}x, Qx '■ B{T,) — )• -B(S) such that 



oo 



m=0 
oo 



n=l 



For each s G S, 'd\{s, ds') is a probability measure supported on A, and g\{s, ds') is a measure 
with total weight bounded by 



oo oo 

supf?A(s,S) < y sup t9A(M,_.?9A)"(s,S) <2 + y fsupt9AM,_.(s,E))" (2.7) 

<2 + f;(l-c,,H / ds'^y<2 + ) :=C, (2.8) 

where the third inequality uses the remark (12. 2p . The second inequality above follows since 
gx{s,ds') is supported in A. 

The resolvent U^^^ can be written in terms of ul^^ and ^a as 

Ul'\sj)= [ gx{s,ds')ui^\s'j)+U;^\sj) 



< (sup / gxis",ds')) snpU^^\s',f)+U^^\sj) 



lA 

The second inequality is by (12. 7p . 



<CsnpUi^\s',f)+Ui^\s,f). 



□ 
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3 The Freidlin-Wentzell dynamics 

We will now define a homogenized dynamics in which there is no deterministic evolution between 
jumps in phase space due to collisions. The homogenized dynamics behaves similarly to the 
original dynamics, except that its state modulated resolvent is more analytically tractable. For 
the original dynamics, between collisions, the particle follows an orbit over a connected segment 
of a level curve of the Hamiltonian H = + V{x). If the particle starts at G S with 

|p| ^ 1, then the particle will likely pass through over that curve on the order of min(|p|, A~^) 
times before the next collision, since the escape rates satisfy Sx{p) < C(l + A|p|) for some 
C > and all A < 1 and p G M. This is suggestive of a Freidlin-Wentzell limit [3] , in which a 
Markovian dynamics emerges on the set of connected level curves of a Hamiltonian for a system 
in which the dynamics is driven by a Hamiltonian evolution perturbed by a comparatively slow- 
acting noise (which they take to be a white noise). Since V{x) is bounded, the level curves of 
H{x,p) are almost flat when \p\ ^ 1 (and thus essentially like those of H{x,p) = for large 
energies). We do not discuss Freidlin-Wentzell limits further, and we proceed with defining the 
formalism relevant for us. 

First, we define a state space Fy identified with the set of connected components of level 
curves of H{x,p) determined by the potential V : T ^ R"*". We define Ty as the image of a 
map S — > X Z given by Gy(s) = (2,2 H 2(^3), n{s)) in which the component n{s) G Z is 
a labeling of the connected components of the level curves corresponding to the energy H{s). 
When the particle has energy H{s) > sup^V{x), then the Hamiltonian evolution drives the 
particle to revolve around the torus in one direction or another. We make the convention that 
these level curves are labeled with ±1 depending on the sign of p, and the remainder of the 
labeling at lower energies is arbitrary. 

Definition 3.1. 

1. We place a measure on Fy C x Z through the Lebesgue measure on the preimage in 
S of the map s — )■ Gy(s) = (2,2 H 2 (^s),n{s)) G Fy. We refer to this measure by d'j where 
the dummy variable 7 is identified as an element in Fy. 

2. For '-f G Fy, we define the probability measure rj^ on S as the normalization of Lebesgue 
measure over the preimage 0/0^^(7). Also, we define the probability measure k,^ as 



V,{ds){p'+\%{x)\Y'^ 



I^V,ids'){\pT + \%{x')\') 



where s = {x,p) and s' = {x',p'). 



3. 



For / : S — 7- M, define the map -B(S) — ?■ -B(Fy) such that 
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We define the jump kernel J'\ : Ty R 



as 




K^{dx dp)riy{dx' dp') 6q{x — x')Jx{p,p'). 



(3.1) 
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We will sometimes use / to denote an arbitrary element of -B(ry) without reference to a 
specific preimage /. The kernel J7a(7,7') defines a Markov process Gt G Ty which has the 
same essential features described in List 11.21 For this comparison, the value q(7) = eplp>i 
can be identified as the momentum of the element 7 = (p, e) G Ty- For f E B(Ty) with h 
non- negative and /i 7^ 0, we define the kernel f/^ {I1T) 

poo ^ 



The analogous statements of Section [2] all hold for With /i : S — )■ IR+ defined as in fl2.ip . 



we define h : Ty ^ M"*" which has the form h{p,e) = x{p ^ v2/). In future, we will drop the 
subscript from f/^ and take the form of h as above. 

Remarks 3.2. 

1. We can recover Lebesgue measure from the rj^ 's as the integral 

ds = d'^r]^{ds). 

2. The kernel J7a(7,7') can he written as 

Jx{7,7') = J K^idxdp) x{{x,p ) ^ Gy\-f'))Jx{p,p' 

^ p'=±y/\p'\^-2Vix) 

3. Let I-y CT be the range of the torus component of the set Gy^i^j). For x' E I-y, 

K.~^[dx dp)QQ[x — X ) — 





2 + 






\p' 





's \^^dx{p^ -2V{x)) ^ 

When p > sup^, V{x), then = T. 

For facility, we list some notation below. 

7 = (p, e) State in Fy C R+ x Z. 

Gy{s) = 7(5) State in Fy associated with the element s G S. 

q(7) The quasi-momentum: q(p, e) = pelp>/. 

g„ = (r„, e„) Skeleton chain for the Freidlin-Wentzell process. 

i7a(7,7') Jump kernel for the Freidlin-Wentzell process. 

Sxi'j) Escape rates for the Freidlin-Wentzell process. 

^a(7,7') Transition kernel for the skeleton chain. 

U^^^ f The /i-modulated resolvent of / G -B(S) for the original process. 

jj^-^^ j fjj^g /i-modulated resolvent of / G -B(Fy) for the Freidlin-Wentzell process. 
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The skeleton chain for the Freidhn-Wentzell process is the sequence of states at coUision times 
and has transition kernel Ta(7,7') = 

Proposition 13.31 lists some characteristics of the jump rates for the original process and 
Freidlin-Wentzell process that we will use. The proof uses elementary techniques, and we do 
not include it. Parts (1) and (2) of Proposition 13.31 give bounds for the rate of collisions, and 
Parts (3) and (4) derive from the contractive nature of the jump rates when starting at high 
momentum. 

Proposition 3.3. There are c,C > such that the following hold: 

1. For allpe R, 

cmax(l, Abl) < ^a(p) < C(l + Abl). 

2. For all (p, e) G Ty, 

cmax(l, Ap) < £x{p, e) < C{1 + Ap). 

3. Let W : E ^ [0,1] be defined as W{s) = ^^1"^ . For all X < 1 and s = {x,p) with 

\p\ > A-^ 



j ds'Jxis, s') (W{s) - Vr(s')) > cA. 



4. Let Wx-Ty-^ M+ be defined as Wx{p, e) = A ^ log (l + Ap) . For all X < 1 and 7 = (p, e) 
with p > X^^ , 

difx{^,i)(Wxh) - Wxii)) > c. 

In the lemma below, we set / = 1 + 2 sup^. V{x) as in the definition of h (12. ip . 

Lemma 3.4. Let g„ = (r„,e„) G Ty be the skeleton chain for the Freidlin-Wentzell process 
starting from 7 = (p, e). Also let N be the hitting time that r„ jumps below p — 1. 



1. There is a C > such that for all 7 with p > v 2/ and all non-negative f G B{Ty), 

N-1 

2. Define the density F\^\i) := E?^ [5(g^ - 7')] . Th ere is a C > such that for all X < 1 
and 7 with \/2l < p < A^"*^, 

Fi'\j')<Ce-^^^^-P\{p' <p-l), 

where 7' = (p', e). 

3. For 7 with p > X^^, let N be the hitting time that r„ jumps below X^^. There is a C > 
such that for all ■j, X < 1, and non-negative f G B{Ty), 

Kij:pf^]<cx-'^o,{i+xp) sup 
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4- Pick L > 0. There is a Cl > such that for all X < 1 and f G B(Tv] 



p'<V2L 

Proof. 

Part (1): Define the measure fi^^^ on Ty such that for / G B{r 



N-l 



n=l 



V) 

n-l 



X] / ^71 ■ ■ ■ d-fnfx{-f, 7l) n 7m+l)/(7n) 



n=l "'p-l<Pn 



m=l 



(3.2) 



where 7m = (pm, e™)- The measure p^ has its support on the set of (p', e') G Ty with p' > p— 1. 

» oo „ n— 1 

/ rfp(^)(7')/(7') < E / ^7n ■ ■ ■ ^71 e^^-^-^"') fo(7, 7i) H 7™+i)/(7n) 



< ( sup /(Y)) 



/(7) 



(i/.W(y)ei(-(p')^+P^) + e^ 



p'>A- 



p'<A- 



The first inequality in (13. 3p is from the detailed balance-type inequality 

fA(7,7')<e^^"^'''^'+'''^ro(7,7'), 



^/if(7)/(7') (3.3) 



(3.4) 



which we apply for each instance of Tx- Equation (13.41) follows by the formula defining the 
jump rates Ja(7,7') and the following three facts: Ta(7,7') = by definition of Tx, 

^a(7) > (1 + A)^o(7) = (1 + A)8, and 

Jx{p,p') = (l + A)|p-p'|e^(-(^'')'+^'')e-^'^(P+^')'-5(f-p')^ < (l + \)e-^(-(p')'+p')j^(p,p'). 

The second inequality in (13. 3 p is Holder's for the domain p' > A~^, and for the domain p" < 
we use that 

eii-ipr+p') < el, 

since jj,^\'y') has support over 7' with p' > p — 1 and p < A^^. 

However, we claim that there is a c > such that for all 7 with p' > a/21, then 



p, 



f(rf7')<cx(p'>p-l)rf7'. 



(3.5) 



Let us assume this now and return to it at the end of the proof. Plugging (13.51) into (13.31) gives 
the first inequality below 



N-l 



K'^JlfiSn) <c{ sup /(7')) / rfye^^-^^'^+^^ + ce 



n=l 



p'>\- 



< 8c sup /(7') + 062 

p'>A-i 



rf77(7' 



(3.6) 



P<p'<A-i 
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The second inequality is from 

[ di e-^^-^p'^'^""^ < 4eA / rfp'e-^(^')' < 4ei^A / dp' p' e~-^^P'^" < 

J p'>X~^ Jp'>X-^ Jp'>\-^ 



In the first inequahty, we have bounded d'j' < 4dp', since the measure d'f' is close to dp' for 
regions with p' 3> 1. The factor of four is used because there are two branches corresponding 
to positive and negative momentum, and we have multiplied by an extra factor of two to cover 
the error with the dominant term. 

Now we show (13.51) . The measure p^-^'' can be written as 



N-l 



/^f (rf7') = x(p'>p-l)To(7,7')+ / rf7"fo(7,7")Ei^.^fE^(g"-^')l- (3.7) 

JP">P-^ ^ n=l ^ 

Define the density onTv as 



^7(7') = / c?7"^o(7",7')x(p > P - l)- 
Jp"<p-i 

The fiat measure ^7 is invariant with respect to the transition rates To(7,7'), and thus for 
i = ip',e')eTy, 

x{p > P - 1) = ^^7(7') + x{p > P - 1) / d-f" w^{Y)fo{-f",-f') 

J p">p-i 

+ di'w,{i') dr%{i\i")^%Y.^{Zn-l')\ (3.8) 

Jp">p~\ J p'">p-\ L^^^ J 

This formula treats the influx of mass jumping from the set {7' |p' < p — 1} as a source, and 
sums the expected occupation density before the mass leaves the set {7' |p' > p — 1}. However, 
we can find a c such that 



To(7,7') < c / t/7"^7(7")ro(7",7') (3.9) 

J p">p-\- 

for all 7 with p > all all 7' with p' > p — 1. If (13. 9p holds, then plugging in to (13. 8p and 
throwing away the first term on the right side gives 

X(p > P - 1) > -X(p' > P - l)To(7, 7') + - / rf7"To(7, l") ^^^^ \ J2 " ^ 



n=l 



We can employ this inequality in (13. 7p to reach (13. 5p . 

To see (13. 9p . first observe that the transition kernel 70(7,7') has the simpler form 



^o(7) 7') = ^ / 'i-ridx dp)r]Y{dx' dp') So{x - x')Jo{p,p') 

1 



1 {p^-2vix)y {\p'\^~2V{x)y ^ ^ 



8 



J^dx (p2 - 2V{x)y 
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since the escape rates £^0(7) = 8 are constant. The second equahty only holds when p' > 
sup 2; V{x), and otherwise there are two terms. For 7 = (p, e) with p > \/2/, the label component 
is e = ±1, and we can identify 7 with the quasi-momentum value q(7) = ep. The rates describe 
what is nearly an unbiased random walk for the quasi-momentum. 

The function 1/7^(7") is uniformly bounded away from zero over any finite region of 7" with 
p — 1 < p" < p + L for L > 0. It is sufficient to take, say, L = 1. For large enough c' > 0, we 
thus have the first inequality below 



dl Wj{-f')To{-f",-f') > - / d7 To(7',7) 

p">p-i ^ J p-i<p"<p+i 

>-To(7,7')- 
c 

Finally, we can choose c > large enough to make the second inequality hold for all 7, 7' with 
V2I < p and p' < p - I- 

Part (2): We have the closed formula 



N-1 



n=0 



(3.10) 



This follows formally by the optional stopping theorem with stopping time N and "martingale" 

m 

Y.^iSn-l')-Ugn-l,i)- 



n=l 



To be more rigorous, we should replace (5( ■ —7') by a family of indicators approximating it. 

With ( 13.1 op . we can apply Part (1) with /(7) = Tx(7,7') to get the inequality below for 
some C > 0. 



N-1 



N-1 



n=0 



[ J2 Txign, i) = T\(7, 7') + ^^(g- ^' 



n=l 



< T,(7, 7') + C ( sup 7') + / ^^7"Ta(7", 7'; 

•p">A-i Jp<p"<X-^ 



-1 



However, there is a c > such that for all A < 1 and 7, 7' with p, p' < \ 

Ta(7,7') < ce-Te\p-p'\ and sup 7^(7, 7') < ce'Te^P-^''^ . 

p'>A-i 

Plugging these in to (13. lip gives the uniform bound. 
Part (3): We begin with the inequality. 



" L^^A(gn)J - S'>A-^a(70^ " ^ ^ 



(3.11) 
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Let Wx : Ty — ?■ be as in (4) of Proposition 13.31 It follows by (4) of Proposition 13.31 that 
cn + Wx{gn) is a super martingale over the time interval n G [0, N]. We have the inequalities, 

EW [N] < [Wx{^) - Wxigf,)] < ^Wxii) = ^ log (1 + Xp) , 

where the first inequality is by the optional stopping theorem, and the second inequality is 
since Wx>0. 



□ 



Part (4): This follows analogously to Part (2) of Lemma 

The inequality in Part (2) of the lemma below is analogous to Theorem ILli 
Lemma 3.5. Let U^^^ be the state-modulated resolvent of the function h. 

1. U^^^ f satisfies the integral equation 

m = h{iW^'\i,f)+ [ d^'Mi.i'){u^'\i.f)-u^'\i\f))- 

J Vy 

2. There is a c> such that for all measurable / : Fy — > R^^ A < 1, and 7 G Ty 

u^'\i,f)<c( sup / rf7'i?w (7,70/(7')), 

where A*^''*)(7, 7') and B^'^\'j,'j') are defined as 

AW(p, 6, p', 6') = (1 + min(p, log(l + Xp)) x{p' > A"^)) -7^^, 

i?W(p,6, p',e') = (1 + min(p,p')) x{p < A"')--^- 

Proof. Part (1) follows easily from the definition of U^'^^ f, so we focus Part (2). By rearranging 
the integral equation from Part (1), we have the equation 



^ ' Ki)+Sx{l) Jr. h{^)+£x{i) ^ ' 



Cxil)i^ + Cx{l) d^'fx{i.i')U^'\i\f). (3.12) 



where Tx and Cx are defined as 



) = , , and Cxin) - 



Sx{l) h{^)+8x{l) 
Consider the chain g„ = (r„, e„) G Ty starting at 7 and making jumps with transition kernel 
Tx- The kernel for U can be written as 

u''\l.f)=Y.^?[{\{Cx{gr))Pf^^ (3.13) 

n=0 r=0 '^Algrij 
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First, we will show that the bound for U^'^^ ((p, e), /) when p > A ^ follows from the bound 

for f/^''*'* ((p, e), /) when p < A^^. For 7 = (p, e) with p > A^"*^, let N G N be the hitting time 
that r„ jumps below A^^. The form fl3.13p allows us to write 



i^"(7,/)=E«i5:(n5.(s 



N-l n 



N 



n=0 r=0 
N-l 



< 



fii 



n=0 ^A(g?iy 



■(A) 



E?l(n^A(g.))i7('^(gN,/) 



r=0 



(3.14) 



< CA-Mog (1 + Ap) ( sup sup f/^'^(y,/) 



p'>\-^8x{i)^ p'<X- 

The first inequality uses that Cxi'y) < 1, and the second inequality uses Part (3) of Lemma [3^ 
for the first term, and the definition of the hitting time N for the second. Thus, it is sufficient 
for us to prove the statement of this lemma for the domain of 7 = (p, e) with p < A~^. 

Next, we focus on the domain a/2/ < p < X^^. For (ro, eg) = (p, e) with p > \/2l, let iV„ be 
the sequence of hitting times such that Nq = and 



Nn = mi{m > N, 



n~l -I m 



r™ < r 



1}, 



n > 1. 



In the above, we can take the infimum of the empty set to be 00, and clearly there can be at 
most |"p] of the hitting times Nn which are not infinite. Also let T G N be the the first time 
Nn such that r„ < a/21, and / be the number of iV„ in [1, T). Analogously to (I3.14p . we have 
the inequality 



/(t) 



T-1 



/(gn) 



(3.15) 



By breaking the time step interval [1,T] C N into I subintervals [A^m-i + l,^'^] and using 
nested conditional expectations and the strong Markov property. 



T-l 



ew E 



/(g«) 



Nm-l 



/(gn) 



m=l 
I-l 



n=Nm-l 



X\^n 



«'nEES,„JE 



m=l 



To bound U^^^ (7, /) , we must bound the terms 



(3.16) 



')-E'nE4I_.[E 



m=l 



Ni-1 



7-1 



n=l £x{gn) 



(ii). ew 5^ 



(in). eW 
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By Part (1) of Lemma [3.41 there is C > such that (i) is smaller than 



I A^i-l 



'7 I /L^ gjv 



<CE«^)[/] Bup ^ + CE™I5; 



c/7 



<Cp sup ^r^ + C 



(i7'(l + min(p',p)) 



^A(y) 



(3.17) 



For both terms in the second inequality, we have used that the sequence decreases by 
increments > 1 for m = 1, . . . , /. Thus I < p, and the number of m such that — 1 is 
smaller than some value p' < is less than 1 + min(p, p'). 
For fii), we can write 



i-i 



(3.18) 



where v!^'^\d'y') = E^'^-' [ X]m=i ^(§JVm ^ ^'^] ■ nested conditional expectations and the strong 
Markov property, we have the equalities below 



1-2 



1-2 



V. 



(dV) = J2 E^ p(g^„„ - y) 1 g^J = E^ J2 fW (V 



m=0 
1-2 



m=0 



< 



C'EW[$^e-i^l-^™-'''lx(p'<r^^-l) 



m=0 



< C'xip' <P- 1) < 16C'x{p' < X-'): 



(3.19) 



n=l 



where F^^^(y) = E^,^^[5(gjv - 7')] is defined as in Part (2) of Proposition 13. 4[ and the first 
inequality is for some C" > by Part (2) of Proposition 13. 4[ The second inequality uses that 
Tjy decreases by at least one at each time step. With f l3.18p and (13.191) . 



i-i 



/(( 



'N„ 



for C = IQC. 

For (iii), we have the following relations 



< C 



p'<A-i ^a(Y) 



E(^) 



<c' 



<VTi 



<c" I d-f'e-^^P">'f{-f') <c"' I die 



'■fill 



< c 



^(■''' +c"" sup ^(^'' 



<A-i £x{i) P'>A-i ^a(7') 



(3.20) 
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For the first inequahty, the density ^7' = K^^^ [5(gT — l')] is smaller than some c' > by Part 
(2) of Proposition I3.4[ The second equality is Part (4) of Proposition 13.41 and the third by 
the bounds for £x from Part (2) of Proposition 13. 3[ For the last inequality, we have split the 
integration into the domains of 7 = (p, e) with p < and p > similarly to the proof of 
Part (2) of Lemma [221 

With (i)-(iii), we have shown that there is a C > such that for all A < 1 and all 7 = (p, e) 
with p > a/21, 

U^'\^,f) < \\l\L + Cp sup Pf^ + C [ rf7'(l + min(p,p'))|^. (3.21) 



We can use fl3.2ip to extend our bound to the domain of 7 = (p, e) with p < v2/. Starting 
with the integral equation fl3.12p . 



U^ \l.D=Cx{l)^ + Cx{l) / difx{i.iW'\i'.f) 

< ||i|L+ ( sup f,(7,7')) / diU^^\i,f)+ I d^'( sup fxi^,i)W'\i,f) 

Sx ^ A<1 ^ Jp'<VTl Jp'>V2l ^ A<1 ^ 

p,p'<V2l p<V2l 

< ||X|| +C'( sup f d^S^) (3.22) 

for large enough constant C > 0. For the second term in the second inequality, the supremum of 
Ta(7, 7') over A < 1 and 7, 7' G Fy is bounded, and we bound the integral /p/<^ d'y' U^^^ (7', /) 
by the argument in fl3.20p . For the third term in the second inequality of (13. 22 p . we have 

bounded U (7', f) with inequality ( I3.2ip and have used that sup a<i ^^(7, 7') has a Gaussian 

p<VTi 

tail in p' for 7' = (p', e'). 

□ 



4 Linking the original and the Freidhn-Wentzell dynam- 
ics 

Define the linear map f/*-^-* : -B(S) — )■ i?(Fy) to act as U^^'^ f = U^^^f, where the map ^ : 
i?(S) — i- -B(Fy) is from Part (3) of Definition 13. 1[ The lemma below states that U^^^ f satisfies 
the same integral equation as U^'^^ f in Part (1) of Lemma 13.51 with an error term for which 
Part (3) gives a bound. 

Lemma 4.1. Let f G -B(S) be non-negative. 
1. U^^^ f : Fy —J- M"^ satisfies the equation 

/(7) = M7)f/^'H7, /) + / d^' Jx{^,^'){u^'\^j) -U^'\^'J)) +Ex{i), 
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where E;^(7) has the form 

Ea(7)-/ d^'M^,^')U^^\^'j)-{JxU(^f){-f), (4.1) 
Jtv 

and the operator J\ acts on B(E) with kernel density J^\{p,p')- The above is equivalent 
to the statement 

UWf = U^'\f-E,). (4.2) 

2. There is a C > such that for all X < 1, f & -S(^); (^i^d H{x,p) > I 

\U^'\{x,p),f)-U^'\j{x,p)j)\<Cmax{^^^,X) U^'\j{x,p)j). 

3. For 7 = (p, e) eVy, let C Fy be the set 

A - j {(P'^ I < P' < 2p and e' = e] p > V2l 
^ " I p<V2l, 

and define the function Mx : Ty — )> M"*" 

A4,(7, V) = ^^(y^. ^) {y2 (1 + (P' - pf + aV)x(7' e A) + x(y ^ A)) ■ 

T/ie error /rom Part (1) is a sum of parts E';^ and E^ — E'^^ for which there is a C > 
such that for all X < 1, f E -B(S), 7 = (p, e) e Fy, 

|E,(7)-E',(7)|<Ce-^( sup f{s')+[ ds' f{s')), 

|El(7)| <C / rf7'JA(7,7')-MA(7,y)t^^'H7',/)- 

Proof. 

Part (1): Consider the altered escape and jump rates given by the following 
E'x{x,p) = m^^^Ex{^J'2.E{x,p)-W{x')), 

a;'eT 

Jt^\v.l^) = JxM) + 5o(p -p) (^;(a;,p) - Exy'iHix.p) - 2V{x))). 

With the above constructions J^+dp'J'j^^^''{p,p') — £'x{x,p) for each x e T. Replacing the 

jump rates J\ by J^'^'' makes no difference for the underlying process, since it merely adds 
a spatially-dependent rate of vacuous jumps p — >■ p so that the escape rate is invariant of the 
Hamiltonian evolution. 

Let r be a mean-1 exponential time and ti be the first "collision" time according to our new 
jump rates. By considering the stopping time min(T, ii), we are lead to the integral equation 

U^'Ki^^Pl f) - ^ + (1 - ^(^'^^)) /°'^^e-*-*^i(^'-)C/(^)((x„p,), /) 

POO p 

+ / cite-*-*^A(^.p) / dp'jt'^''{p,,p')U^'\M),f), 
Jo Jr 
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where (xt, pt) is the phase space point at time t when evolving according the Hamiltonian H 
starting from the point {x,p). The above equation can be reshuffled to give 



fix,p) = hix,p){l + £',ix,p)) / f/te-*-*^^(^'P)[/W((xi,pi), /) 

Jo 

+ {U^'\{x,p), f) - {l+£'^{x,p)) ^"cite-*-*^^(^'^)^W((x„p,), /)) 

+ {l + £',{x,p)) r dte-'-'''^^-'^^ [ dp'jt'^''ipt,p')({U^'\i^t,Pt), f) - {U^'^f){^up') 
Jo Jr ^ 

(4.3) 

The jump rates in the last term can be replaced by the original rates J7a, since the 

difference is merely the vacuous jumps. Moreover, by integrating both sides over {x,p) G S 
against 5(22 H2(^x,p) — p)x{^{'^-,p) = e), we obtain 



/(7) = M7)f/^'H7,/)+ / rf7'JA(7,7')f(f/^'n7>/)-(f^^'n7'>/) 

+ ( / H ^^(7, 7) (f/^'^ (7 , /) - (j^A^w; 

for 7 = (p, e). We will illustrate the computation for the first term on the right side of (14. 3p : 

' /"OO 

dxdpbipil'^i^x.p) - p)xHx,p) = E'y{x,p)) rfte-*-*^^(^'P)f/W((xi,pi), /) 

dt J dxdp5{2-2m{x,p) - p)x{n{x,p) = e)(l + ^;(x,p))e-*-*^^(^'P)^7(^)((a;,p), /) 
dxdp8{2^m(x,p) - p)x{n{x,p) = e)f/W((x,p), /) = f/(^)((p,e), /). 



The first equality uses Fubini's theorem to pull out the integral dt, and then employs a 
change of variables over S with the dynamical transformation map {x,p) — )• (x_(,p_f) (i.e. 
backwards time evolution according to the Hamiltonian H for a time interval of length t). 
Thus (xt, pf ) maps to (a;,p), and other expressions do not change since H^^p^E'^ are functions 
of the energy. The second equality uses Fubini to commute the integral Jq°° dt in again, and 

then computes the integral dte~^~^^'^^^'^^ = (l + S'x{x,p)) ^. 

The equality U'^^^ f = f/*'^'*(/ — Ex) follows from Part (1) of Lemma [3.51 

Part (2): As in Part (1), let ti be the first "collision" time with the vacuous jumps included. If 
the particle begins at {x,p) with H{x,p) > I, then the final time R from Part (1) of Proposi- 
tion UTT] can not occur over the interval [0,)f:i], since the modulating function h has support on 
the set H(x,p) < I. The value U^'^^ ({x,p), /) can be written as 

u^'\ix,p), f) = [ 4i,idx'dp') [ ,f 

Jt, Jr ^^aI^ ) 

where the measure ^^l^p) is supported on the set of {x',p') with '-f{x',p') = 'y{x,p) G Ty and is 
defined by 

^[Z)idx'dp') = E\tl^ {X,„P,^)]. 
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On the other hand, 



(4.4) 



where is the normahzed measure from Definition 13.11 By the bounds on the escape rates in 
Part (1) of Proposition [3l3l the random variable ti is exponential with mean > cmin(l, (A|p|)~^) 
for some c > and all A < 1 and p. Since the particle is traveling with velocity p, it will 
typically revolve around the level curve on the order of min(|p|,A~^) times before ti occurs. 

The Radon-Nikodym derivative satisfies 



sup 



dn. 



(A) 

/^ _ 1 



7(a;,p) 



< c'max(|p| ^, a) 



(4.5) 



for some d . Thus, 

f/(^)((x,p), /)-^W(7(x,p),/)| 



< / K,y(.^,p)idx dp) 



dn 



dn. 



(A) 

^"^^ {x\p')-l 



7(z,p) 



£x[x',p') 



<c'max(b|-i,A) f/^ (7(x,p), /), 
where we have applied the inequality f l4.5p and used the formula (14. 4p for f/^^^ (7(x,p), /). 
Part (3): The expression £^(7) can be written 



E> 



,(7)= / K,{dxdp) I dp' J,{p,p'){u^'\{x,p'), f) ~U^'\^{x,p'), f)) 



'^7'i7a(7, 7') / riY{dx'dp') / Ky{dxdp) 6q{x — x') 
Jt, Jt, 

■§^(u^'\{x,p'), f)-U^'\j{x,p'), /)). 

The second equality is by commuting integrals and using (2) of Remarks 13.21 
dp' = / ds' 6o{x — x') = / d^' / ri^i{dx'dp')So{x — x'). 

We define E';^(7) to be the analogous expression with the integration J^^d'j' replaced by the 
restricted integration Jpi^idy. The value E'^^i^j) is bounded by 



|E',(7)|</ d^'M^n') sup (.',/) 

Jp'>V2l s,s'eG-^(7') 



Tj^i {dx'dp 



K^(dxdp) do[x — X )— 1 

^ Ja(7,Y) 



• (4.6) 
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For Ea(7) - E';^(7), notice that 



|E,(7) - E',(7)| < / K,{dxdp) / dp'J,{p,p')(u^^\{x,p'), /) + f/W(7(x,p'), /)) 

JE Jh{x,p')<1 ^ ' 

<l^{ sup Jx{p,p')j dx dp' 



H{x,p')<l 



H{x,p')<l 

[U^'\{x,p'),f)+U^'\^{x,p'),f)) 
ds' W-'^ {s' , f) 

<Ce-^( sup fis')+ [ ds'fis')), 



< Ce 



H'<1 



(4.7) 



where H = H{s) and H' = H{s'). The second inequahty uses (3) of Remarks 13.21 and that for 
p2 > / = 1 + 2sup^1/(x) 



(p2-2\/(x'))- 



^ sup, {p'-2V{x))-- 



dx (p2 - 2V{x)) ^ inf, (p2 _ 2\/(x))' 

The supremum over the values of J\{p,p') in the second hne of (14. 7p decays super-exponentially 
for large p, and we bounded it by a multiple of e~^. For the third inequality in (14. 7p . we have also 
used that dx f^^^ dp' = J^^^ ds, and the fourth inequality is by Part (2) of Lemma 12.21 
The following two statements hold, where (I) is by Part (2), and we prove (II) below. 

(I). There is a C > such that for all A < 1, 7' = (p', e') G Ty with p' > \/2l, and 
non-negative / G B(Tv), 



sup 

^,s'eG-i{7') 



(II). There is a C > such that for all A < 1 and 7, 7' G 



ri^i{dx'dp') I K^{dxdp) 6q{x — x) "^^^'^ ^ _ i 

< x{l' ^ A,) + ^(1 + \p' - pp + AV^)x(y e A,). 



For the right side of (I), we have used that p'{x,p) = {2H{x,p))^ is close to \p\ for \p\ ^ 1. 
Given (I) and (II) then by dH]) 



E',(7)| <2C / d^'X{l,l')U^'\l',f) 



max 



A) (x(7' M,) + ^(1 + \P' - PP + Ap^)x(7' e A,)). 



C 
P 
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This would complete the proof. 

Now we will prove (II). Notice that the expression in (II) is < 2 for all 7,7', since by 
definition of J\ 

f riY{dx'dp') f K,^{dxdp) So{x — x) "^^^'^ ^ = 1. 

For 7 = (p, e) with p ^ 1, the following bounds hold, 
(i). There is a c > such that for all 7 with p > \/2/, 

Ky{dxdp) [6o{x — x) — 5q{x — x") 



sup 

x',x"eJ 



< 



(ii). There is a c > such that for all 71 G Ty and 72 G A. 



71 ' 



sup 

7l=7(a:,pi)=7{a;',pi) 
72=7(a:,P2)=7{a;',P2) 



J\{PuP2) - Jx{p'i,p'2) < c— (1 + |p2-Pi|VaV?) inf Jx{pi,P2)- 

Pi 7l=7(a:,Pi) 

72=7(2^.^2) 



Statement (i) concerns only the level curves of the Hamiltonian. The value T]^{dxdp) 5o{x—x') 
is the density (normalized to one) for the amount of time that the particle will spend at the 
point x' when revolving once around the level curve 7. By (3) of Remarks 13. 2[ we have the 
following closed formula for p > ^/2l 



K^[dxdp) do{x — X ) = 

s J^dx{p'-2V{x)y 



Thus (i) is smaller than 

K^{dxdp) {^q{x — x') — 5q{x — x")^ 



sup 



< 



2 sup^ V{x) 
p2 - 2 sup^ V{x) 



< 



4 sup^ V{x) 



where the inequahties have used the restriction p^ > 2/ > 4sup^. V{x). 
For statement (ii), let 71 G Ty and 72 G A^-^. For <V < 2sup^. V{x), 



+ P2-P1 



< 

1- A 1 



1-A 



l + A 



pi-V 



1 



< c'-(l + |p2 - + X'pDJxUpI - V, Jpl - V). (4.8) 
Pi 

With the bound of the derivative relation (14. Sp . it follows that for any < V^V < 
2sup^1/(x) 



^a(a/p? - ^pI - y) - Mx^pI - ^pi - y) 



, 1 



< e^%(l + |p2 - Pip + \\^^JxUp\ - V, Jpl - V)., 
Pi 
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where we have used that ^ (l + |p2 — Pi P + -^^Pi) < 2 by our constraints on pi, P2- This proves 

(ii) with c = e^' . 

By the triangle inequahty and supremizing over everything 



sup 

7'=7(x',p') 



K^{dxdp) So{x — x 



< sup 

x'x"eT 



Ja(7,Y) 

K^{dxdp) {^o{x — x') — b^ix — a;") j 



sup 1 

7=7{^',Pl) J\{,l,l') ^ 
7'=7(x,p2) 



j.fe.P.)-:7.(p;.pa)(sup/.,(«p)«.-.')) 



sup 

7=7(x,pi)=7(a;',pi) 
7'=7(a;,p2)=7(a;',P2) 

<-, + -,{^+\p'-P? + AV) < ^(1 + |p' - + AV). 



□ 



Lemma 4.2. There is a C > such that for all non-negative f G -B(S) and A < 1, 



sup U^^\s,f) < CX-^ sup f{s)+ sup U^^\s,f), 



or 



l\-2 



sup U^^\sj) < CX-^ sup f{s)+ sup f/(^)(s,/) +Ce"^ ' 



H>iA-2 



Z<H<iA-2 



where H = H{s). 

Proof. For s G S with -f^(s) > |A^^, we can write [/"^^^(s, /) as 
[/(^) {s, f) = Ei^) / dre-^odvh{s.) j^^.^) 

<||/|UEW[a;] + EW[f/W(5^,/)" 



(4.9) 

< CA-i||/||^+ sup +EW[[/W(^^,/)x(i^(5J < /)], (4.10) 



Z</f'<iA-2 



where u is the hitting time that H{Sr) jumps below |A ^. For the second inequality, we have 

used that Ei^^[c<;] is bounded by a constant multiple of A~^ for all A < 1 and s with H{s) > |A~^, 
which we show below. 

Let the function ly : E — )■ [0, 1] be defined as in Part (3) of Proposition 13.31 By Part (3) of 
Proposition 13. 3[ there is a c > such that the process W{St) + cXt is a supermartingale over 
the time interval [0,0;]. Thus, the optional stopping theorem gives the first inequality below. 

Ei'^oo] <^Ei'^ [W{s)-W{S^)]<^. 

For the second inequality, we have used that < W < 1. Thus, Ei'^''[a;] is bounded by for 
C = ^, and plugging this into f l4.9p gives the first inequality in the statement of the lemma. 
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Now we will show that the last term on the right side of fl4.10p is ||/||ooO(e ^ Let u' 
be the collision time which precedes u, and f3s^\s') be the conditional probability density for 
s' = when given the value s = S^^'. By the strong Markov property, 



'-Jh'<i 

< ( sup Pi'\s')) [ ds'U^'^s'j) 

^H>iA-2 ^ Jh'<1 



H'<1 

<cA-^||/|U sup (4.11) 

H'<1 



where H = H{s), H' = H{s'). The second inequality is by Part (2) of Lemma 12.21 and that 
j^ds e^^^'^'^^ oc for A ^ 1. To make use of fl4.1ip . we must bound the values of (3s^\s'). 
Let (x4(s), pt(s)) be the phase space point at time t > when evolving according to the 

Hamiltonian evolution from the point s G S. The density /3i^^(s') can be written 



Pl^\s') = K^^Kx') y^-^-'-^ y - (4.12) 



where ni'^^ is the probability measure on T given by 
However, there is a c > such that for all A < 1, 

(i). sup Ki^\x')<C, (ii). sup '^^(P^p <ce~T-e^~\ 

H>1X-^ ' ^' H>lX-^lHi.',,")^X-^dp"J,{p,p")- 

x'eT H'<1 

Plugging fl4.12p into (14.110 and using (i) and (ii) gives the result. Statement (ii) follows from the 
Gaussian decay in the rates Jxip^v') ^"^^ that V{x) is bounded. For statement (i), we actually 
have that sup^, [^^'^■'(x') — 1| = 0(A) for H{s) > A^^ and A ^ 1. We will sketch why. Notice 
that by the conservation of energy H{s) = if (xt(s), pt(s)) . For \p\ > X^^ > ^2 sup^, V{x), 
then pt{s) and p have the same sign and 

\pt{s)-p\ = \ ^/p^ + 2Vix)-2VMs))-\p\ \ < ^'^P^^^''^ 

This implies that there is very little deviation of the values Pt(s) from p when \p\ > A^^. Conse- 
quently, Xt(s) revolves around the torus with nearly uniform speed \p\, and the terms £x{Pris)) 
and J^x{pt{s) , p") in the expression (I4.13P are approximately equal to Sx{p) and J^x{p,p"), re- 
spectively. Moreover, the starting location x G T on the torus only makes a difference in K,i'^\x') 
on the order of 0(A), since the decay factor in fHTTal) satisfies g-Zo '^'^^A(Pr{s)) ^ ^ ^ ^^^^^ 
times t up to the first revolution around the torus. This follows because the speed is ~ |p| and 
^ = 0{\) for |j9| > A-i by Part (1) of Proposition [331 

□ 
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Putting Parts (1) and (3) of Lemma f4.ll together gives an inequality including the values 
of the function U^'^^ f and weighted integrals of those values. This suggests using a Gronwall- 
type recursive scheme to obtain bounds for U^'^^ f. However, it is useful to bring the results of 
Lemma 14.11 into a more tailored form that is amenable to recursion, and this is the purpose of 
the following lemma. 

Lemma 4.3. There exist C,C',L > such that for a// A < 1, 7 = (p, e) with p < X^^, and 
non-negative f G B{T,) 

U'-'^^J) <C\\f\U + Cp sup f{i) + C [ rfy (l + min(p,p'))/(7') 

^C'f^ ,yl±i]^e<«(y./). (4.14) 

C Iv2L<p'<X-^ ^V(TW - i 

Proof. By Part (1) of Lemma we have the equality U^^^ f = U^^^ [f — E^). Applying Part 
(2) of Lemma 13.51 gives the inequality 

f/W (7, /) = U^'^ (7, / - E,) < U^'^ (7, f) + U^'^ (7, |E',|) + U^'^ (7, IE, - Ell) 

^cfiilii .#11 .iMii J + CP sup ,^,iE.(y)-Ei(y) 



+ e/ .y(l.n„n(.p-))(M.f^. "^-'^]-^-'^'" ) (4.15) 

V<A-i ^^a(7) ^a(7) ^a(7) ^ 

for some c > 0, where E'^ is defined as in the proof of Part (3) of Proposition 14.11 We will show 
that there is C" > such that 

f/^'n7,/) <C"ll/lloo + C"p sup /(s') + C"A sup f/W(7',/) 

/^'>iA-i p'<A-i 

+ C' [ rf7'(l + min(p,p'))/(7') + C^7 ^^±^^^^^0^'^^ , f) . (4.16) 

Given fl4.16p . we can split the integral jp/^^^i of the last term into two parts J^2L<p'<x-^ 
Ip"<V2L ^ith L > large enough so that 

c- [ < ^ < 1. 

iv^<p.<A-. (1 + V2L - 2 



We can bound the remainder /^//<^/2l through the inequahties 

dl" ^'T'^^'y^ U^'' (7", /) < / ^7" f/^^) (7", /) = / ds f/(^) /) 

p"<V2L U + PJ Jp"<V2L J H<L 



< all/lloo + a / (is/(s 



//<iA-2 



a\\f\U + a d^fi^), (4.17) 

'p<A-i 
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where H = H{s). The second inequahty above holds for some a > by Part (2) of Lemma 12^21 

^ < i 

L — 2 



Thus with (Km and f HTH) . there are C',C",L>0 with ^ ^ 5 such that 



f/(')(7,/) <C"||/||oo + C"V sup /(.') + C"A sup f/(^)(7',/) 



+ rf7'(l + min(p,p'))7(7')+^^'/ d^' ^^^F^^P^U^'^l J) ■ (4-18) 



By supremizing both sides of fl4.18p over 7 = (p, e) with p < A~^, we obtain 



^^'^7,/) < ^^7^(ll/lloo + A-i ^^y)^ /■ rfy (l + niin(p',A-i))/(7')). 



sup (7-^y^;j<_^ 

Plugging this bound back into (14. 16p gives the inequality fl4.14p for small enough A (A bounded 
away from zero does not pose a problem). 

Now, we work to prove f l4.16p starting from f l4.15p . Since Sx is bounded away from zero by 
Part (2) of Proposition 13. 3[ the expressions on the right side of f l4.15p with / and Ea — E'^^ do 
not pose a problem, since, in particular, we can bound E^ — E';^ with Part (3) of Lemma 14.11 
For the term E';^, we have the following expressions to bound: 

«• \\f\L (ii)- P -P ^7^' / ^7'(l + min(p,pO)SM. 

We will discuss (ii) and (iii), since (i) is handled similarly. In each case, we seek a bound using 
a linear combination of the terms on the right side of f l4.16p . 
By Part (3) of Lemma [4.11 and p < A^^, 

psupS^<CA-i sup / d^'fx{in')Mx{in')U^^\l'J) 

< C\'^( sup f,(7,7')-^A(7,y))(supf/W(7',/)) 

<c'a2 sup^w(y,/) 

7' 

<C"\^f\U + C"\ sup /(.') + ^^"A2 sup ^W(7',/). (4.19) 

The fourth inequality in (I4.19P follows since 
sup t/(^) (7', /) < sup (s', /) 

<ce-^"||/i|oo + cA-' sup f{s')+ sup U^'^^s' , f) 

H'>^X-2 l<H'<^X-2 

<c||/lU + cA-^ sup fis') + c' sup ^(')(7',/), (4.20) 

H'>|A-2 p'<A-i 

where H' = H{s') and 7' = (p',e'). For the first inequality above, the values U'^^'^ are averages 
of the value for U^'^'^ . The second inequality is for some c > by Lemma 14. 2[ and the third 
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uses that f/^'^^ (s, /) is bounded by a multiple d of ^Z^^-* (7(3), /) for s G S with / < by 
Part (2) of Lemma 

Next, we bound the term (iii). By Part (3) of Lemma [4.H 

dy(l + min(p,p'))|E',(y)l 

p'<A-i 



<C \ rfy (1 + min(p, p')) / di' T,(y , 7") -MaIY , l") W^'^ (7", /) 

<C{ sup ^(')(7",/)) / rf7'(l + min(p,p')) / ^7" Ta(7', 7") -^aIV, 7") 



+ C d^U^'^iYJ-) / ^;7'(l + min(p,p))T,(7',7")-MA(7',7") 

< C'X sup /(7) + C'X^ sup f/(^) (7, f)+C' [ di' ^."^^^i''';^^^ U^'^ (7", /) . 

(4.21) 

For the last inequality in f l4.2ip follows from (I)-(III) below, where (I) and (II) are for the first 
term and (III) is for the second term. 

(I). There is c > such that for all A < 1, 

sup U^^^ (7, /) < cX'^ sup /(7) + c sup U^^^ (7, /) + c 

p>A-i p>A-i p<A-i 



(II). 



(III). 



sup sup / c?7'(l + min(p,p')) / ^7" 1^(7', 7")-Ma(7', 7") < 00 

A<1 p,p"<A-i Jp'<X~^ Jp">\-i 

sup sup {i+p'r [ dj' I] ^ "^"^l^' f\(y, 7^o-MA(y, 7^0 < 00. 

A<i p,p"<A-i -'p'<A-i (1 + mm(p, p") j 



Statement (I) is from (14. 20 p . Statements (II) and (III) use the decay from A^a(7',7") and that 
the transition kernels Ta(7, 7') have uniformly bounded Gaussian tails in the quasi- momentum 
|q(7) — q(7') | for 7 = (p, e) with p < A^^. We do not go through the details of these inequahties. 

□ 



5 Proof of Theorem 11.1 



[Proof of Theorem II. 1] 

For s G S with H{s) > |A~^, we have the inequality 



U^'^{s,f)<cX-' sup f{s')+ sup U^'^s'J-) (5.1) 



_H"'>iA-2 H'<iA-2 
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for some c > by Lemma 14. 2[ Thus, it is sufficient to prove the statement of the theorem for 
the domain H{s) < |A~^. 

For s G S with / < H{s) < |A~^, there is a C > such that for all s and A < 1 

U^'\s,f)<CU^'\j{s),f) 

by Part (2) of Lemma WA\ Hence, for the domain / < H(s) < |A~^, it is sufficient to bound 

the values of f/^'^^ (7, /) for 7 = (p, e) with a/2Z < p < A^^. By Lemma SSI there are c, c', L > 
such that for all A < 1 and 7 = (p, e) with p < A^\ 



t/^') (7, /) <c||/||oo + cp sup fis') + c rf7'(l + min(p',p))/(7' 

H'>iA-2 Jp' 

+ c' 

where 



2L<p' 



^7'gw(y./) ^^;7'r'' . (5.2) 



f 11 

c / rfV- < -. (5.3) 



It immediately follows that 



^^'^7,/) <2c||/||oo + 2cA-i sup f{s') + 2c di {I + p')f{i). (5.4) 



sup 

However, we need a more refined upper bound than (15. 4p given by (15. 5p below. By recursively 
applying the inequality (15. 2 p as in the proof of Gronwall's inequality, we obtain a series bound 



t/('H7, /) <c||/||oo + cp sup f{s') + c d7'(l + min(p,p'))/(7') 

H'>iA-2 ^p'<A-i 

+ cf;(c')" / rfy /^^ . ^71 ■ ■ ■ rf7n /(Y) (1 + min(p', p^) fl ^ + ^^P^+y^-) 
<2c||/|U + 2cp sup f{s') + 2c[ rf7'(l + min(p',p))/(7'), (5.5) 



where we have denoted po := p in the argument of the products. The second inequahty uses 
that 



, „ (l + min(p,p-0)(l + min(p^pO) ^ 1^^ ^ 
c / ^7 Q , ^;A3 < -(l + mm(p,p)) 

which follows by (15. 3p . 
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IS 



The series bound in (15 .Sp holds, since the error after the nth iteration of the inequahty fl5.2p 

1 + min(pi, p)"^ 1 + mm{pm+i, pm) 



f '\n-i f ^ ^ rrWf 1 + min pi,p -p-r 1 + n 



< ^ sup f7(^) (7, /) 



which goes to zero for large n. The first inequality is from (15.61) . and the third is (15. 4p . 
Inequality (15. 5p implies that there is a c" > such that for all H{x,p) > I, 



t/W(7(x,p), /) 



< c 



+ c"\p\ sup f{s') + c" / dp dx' [1 + mm{\p\,\p\)^ f{x' ,p), (5.7) 



where we have used that — p{x,p)\ < 22 (sup^. l^(a;)) ^ is bounded since 2^H2(^s) = p(s). 
This proves our bound for the domain / < H{s) < X^^. 

Next, we bound U^^^ (s, /) in the domain H{s) < I. Let 7a = U^^^ for h' = Ig. The operator 
7a : -B(S) — -B(S) is the transition kernel for a Markov chain cr„ (i.e. the resolvent chain). We 
have the following identity which is closely related to Part (3) of Proposition 12.11 



00 « « 

f^^'H^'/) =E L<n 1 / Us,ds,)---USr,.,,dSr,) 
n=l -^HMr^l ■^^(^")>' 

n-1 

• ( J] (1 - h{sr)) ■■■{!- h{Sm-l)) f{Sm) + (1 - HS,)) ■ ■ ■ (l - /l(s„_i)) f/^ (s„, /)) . 
m=l 

The integration variable Sn corresponds to the first time that the chain cr^ jumps out of the set 
H{s) < I. The above gives the inequalities 

U^'\sj)<J2 / / rx{s,dsi)---Tx{sr..i,dsn)(n\\f\U + U^'\snj)) 

sup,<i supj,(,)<, /^(^ Tx{s, ds') ^ f ^'^nW('A\ 

<- Ta ll/lU + sup sup / Tx{s,ds)U^ \s J)]. 

(1 - sup,<i sup^(,)<, Txis, ds')) ^ ^W^' ■J^(^')>^ ' 

The second equality uses Holder's inequality, f/^^^ /) < n\J^^^ (s^, /), and a geometric sum 
formula. The probability /f^(3/)<; 7a (s, rfs') can be easily shown to be bounded away from zero 
for all A < 1 and s G S by considering the event that single a single collision occurs over the 
time interval [0,ri] and the particle jumps to an energy > /. Moreover, the jump measures 
7a(s, ds') have uniformly bounded exponential tails for (s) < / and A < 1 , since the collision 
rates Jx{p-,p') have Gaussian tails. Thus, we can apply our bound for the values of U^^^ (s, /) 
over the domain H{s') > I to obtain our required bound. 
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